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Abstract. Positivity in ^-algebras can be defined either alge- 
braically, by quadratic modules, or analytically, by ^-representations. 
By the induction procedure for ^-representations we can lift the 
analytical notion of positivity from a *-subalgebra to the entire 
*-algebra. The aim of this paper is to define and study the in- 
duction procedure for quadratic modules. The main question is 
when a given quadratic module on the *-algebra is induced from 
its intersection with the *-subalgebra. This question is very hard 
even for the smallest quadratic module (i.e. the set of all sums of 
hermitian squares) and will be answered only in very special cases. 



1. Introduction 

Non-commutative real algebraic geometry studies real and complex 
associative algebras with involution from a geometric perspective. Her- 
mitian elements are considered as non-commutative real polynomi- 
als and "well-behaved" (not necessarily bounded) *-representations as 
non-commutative real points, see |S2] . For every finite set S of hermit- 
ian elements one tries to understand the set of all hermitian elements 
that are positive (semi-)definite in every well-behaved *-representation 
in which all elements from S are positive semi-definite. An algebraic 
description of this set is called a Positivstellensatz for S. They are 
well-understood in the commutative case, see |Mlj for a survey, but in 
the non-commutative case they are very difficult to find. Most alge- 
bras with involution for which Positivstellensatze are known (e.g. Weyl 
algebras, quantum polynomials, matrix polynomials, central simple al- 
gebras) have the property that their well-behaved *-representations 
are induced from one- dimensional *-representations of an appropriate 
commutative subalgebra. However, the quest for general "Induced Pos- 
itivstellensatze" is still on. 

This paper addresses only a small part of the big problem. We 
define and study the induction procedure for various order-theoretic 
structures (i.e. quadratic modules, preorderings, orderings) related to 
Positivstellensatze. 
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In Section [2] we discuss the relationship between *-representations 
and quadratic modules whose special case is the relationship between 
bounded *-representation and archimedean preorderings. We recall the 
definition of a bimodule projection from a *-algebra to its *-subalgebra 
and the corresponding induction procedure for *-representations. 

In Section[3]we extend the induction procedure from *-representations 
to quadratic modules. Let B he a. *-subalgebra of an *-algebra A and 
let p: ^ — > S be a bimodule projection (i.e. a B-B bimodule map 
which commutes with the involution and preserves identity). For every 
quadratic module J\f in B we define the set 

IndA/" := {a E A \ a = a* and p{x*ax) G N" for all x G A} 

which is a quadratic module in B if and only if it contains 1. If A/" is a 
preordering, then IndA/" need not be a preordering even if it contains 
1 . For every quadratic module in ^ the set 

ResA^ := {p{m) \ m G M} 

is a quadratic module in B and the following questions make sense: 

(Ql) lsM= IndResM? 
(Q2) Is ResM = MnB7 
(Q3) Is M generated hj M n B7 

These questions are surprisingly hard even for very special p and Ai. 

The bimodule projections that we are interested in come either from 
group actions by ^-automorphisms (we discuss matrix *-algebras, reg- 
ular functions on affine varieties, Galois extensions of fields) or group 
gradings (we discuss group algebras, cyclic algebras, quantum poly- 
nomials, Weyl algebra). Interesting quadratic modules include '^A'^, 
the set of all sums of hermitian squares, and A+, the set of all her- 
mitian elements that are positive semi-definite in all well-behaved *- 
representations. 

For example, let p be the "natural" bimodule projection from the 
Weyl algebra A = C(a, a* \ aa* — a*a = 1) to its subalgebra B = C[a*a\. 
We consider the Fock-Bargmann *-representation as the only well- 
behaved *-representation. For A+, the answers to (Ql) and (Q2) turn 
out to be positive, while the answer to (Q3) turns out to be negative. 
For ^A^, (Ql) is still open while the answers to (Q2) and (Q3) are 
trivially positive. For other *-algebras we have similar situations. 

Finally, in the Appendix we extend our construction of Ind and Res of 
quadratic modules from bimodule projections to rigged A-B bimodules. 
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2. Preliminaries 

In this section we explain the relationship between quadratic modules 
and *-representations. We also recall the construction of an induced 
*-representation via a bimodule projection. 

2.1. Quadratic modules. Let ^ be a *-algcbra over a field F. This 
means that A is an associative unital algebra over F and A is equipped 
with an involution * such that F* C F {F is identified with F- 1_4). We 
will denote by Ah the set {a G A \ a* — a} of all self-adjoint elements 
of A. In the following we will also assume that the field Fh := F Cl Ah 
is equipped with an ordering > such that //* > for every f E F. 
(For F = C this assumption implies that *|c is the conjugation. ) 

A subset M. C Ah is called a quadratic module (q.m.) in A if the 
following axioms arc satisfied: 

(QMl) M + MCMa.ndXMCMfor all A e F^°, 
(QM2) c*Mc C M for every c e A, 
(QM3) U e M. 

We say that Ai is proper if —1^ ^ Ai. For a subset S C Ah we denote 
by QM^{S) the q.m. generated by S, that is 

m 

QMj,{S) = {Y,K<s^a, \s,eS, a^e A, \ e F^°}. 

The set '^A^ = QMj\^{{l}) is the smallest quadratic module in A. In 
all our examples J2 proper. The largest q.m. in A is the set of 
all symmetric elements Ah- It is never proper. 

Remark 2.1. Note that for F = Q, F = M and F = C the second 
part of (QMl) follows from (QM2) and (QM3), so it can be omitted. 
In particular, we can also omit Aj in the definition of QM_a,{S). 

A quadratic module in ^ is archimedean if for every a G Ah 
there is n e N such that nl_4 — a & A4. It is a preordering if for every 
x,y & A4 such that xy = yx we have that xy E M.. Note that F-" is a 
preordering. For F = Q, F = M and F = C, F-° is also archimedean. 

2.2. *-Representations. Let V be an inner product space over F and 
let L(y) be the set of all linear operators on V. A non-zero algebra 
homomorphism n : A^ LiV) is called a * -representation of ^ on V if 
{p{b)v,w) = {v,p{b*)w) and ^(1^)^ = v for all v,w eV. We will also 
write VItt) for V. A *-representation is called cyclic if it has a cyclic 
vector, i.e. if there is e 'Z'(7r) such that {Tr{a)v \ a e A} — T^Itt). 



4 



JAKA CIMPRIC, YURII SAVCHUK 



Let TT be a *-representation of A on V. One easily checks that 

QM^(7r) := {a G A | {pia)v,v) > for all v eV} 

is a q.m. in A. Note that QMji{n) is archimedean if and only if vr is 
a bounded ^-representation (i.e. 7r(a) is bounded for every a E A). If 
QM_a{7i) is archimedean, it is also a preordering. 

A non-zero linear functional on ^ is called positive if fi'^A'^) > 
0. It is called hermitian if (p{a*) = ^{a)* for every a E A. By the 
GNS-construction (see pTl Section 8.6]) for each positive hermitian 
linear functional ip there exists a cyclic ^-representation tt^ with a cyclic 
vector G ^^(7r^) such that (p{a) = (7r^(a)^(/j, ^(^) for every a & A. 

Every *-algebra A over C will be considered with the finest locally 
convex topology (defined by the family of all seminorms on A) . Closed 
quadratic modules in A play an important role in the real algebraic 
geometry, see \M1\ [S2] . 

Proposition 2.2. A quadratic module M. in a complex *-algebra A is 
closed if and only if M. = QM_^{ti) for some * -representation vr of A. 

Proof. Let vr be a ^-representation of A on an inner-product space V. 
For each w G V denote by Av the set {a G Ah \ (7r(a)f , > 0} . The 
set Av is closed, thus QMj\^{n) = fltigvA is closed. 

Let M. C Ah be a closed q.m. and let a G Ah\-M.- By the separation 
theorem for closed convex sets there exists a R-linear functional ipa on 
Ah such that (pa{Ai) > and ipa{o,) < 0. We denote the corresponding 
C-linear functional on Ahj ipa- Let tt^ be the GNS representation of 
(Pa and let tt := ©a^Ta- Then JH = QMy^^^n) by construction. □ 

2.3. Inclusion between quadratic modules. This subsection set- 
tles an important basic question of non-commutative real algebraic 
geometry. It will only be used in Example 15. 4[ 

Let p and vr be ^-representations of a complex *-algebra A. We 
say that p is weakly contained in n if every functional Up^^p^a) : = 
(7r^(a)^(p, ,^<^) can be weakly approximated by functional J2'iLi^Tr,^i- 
That is, for arbitrary e > and ai, . . . , a„ G ^ there exist ^1,^2, ■ ■ ■ ^ 
T>{n) such that 

m 

(1) |wp,v(«i) - < for all j = 1, . . . ,n. 

i=l 

Proposition 2.3. A * -representation p is weakly contained in ir if and 
onlytfQMA{7i)CQMA{p). 
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Proof. Let p be weakly contained in vr and let a G QMj\^{tt). Then 
^Tr,({(^) > for all C, E V^n) and by ([T]) we have ujp^^{a) > for all 

e Hence a G QM_4(p), which proves the "if direction. 

To prove the "only if direction, we use some basics from the theory 
of locally convex spaces. Let P(vr) be the convex hull of {wTr,^ | ||^|| = 1} • 
Then for G V{7v) we have (p{l) = 1 and 

QM^(7r) = {ae Ah \ <^(a) > 0, V<^ G V{n)} . 

Consider Ah as an M-vector space and let A'f^ be the space of all linear 
functionals on Ah, so that {Ah, A'f^) is a dual pair. Consider P(vr) as a 
subset of A'fj^ and let 

V{ny = {aeAh\ ^{a) < 1, V<^ G r{n)} 

be its polar set in Ah- Fix an arbitrary cOp^^, ip G Vi^p) and assume 
without loss of generality that ||'?/'|| = 1. Then for a G Ah we have 

a G P(7r)° ^ Vv? G P(7r) V5(a) < 1 ^ Vy? G P(7r) (^(1 - a) > ^ 
^ 1 - a G (5M^(7r) ^ 1 - a G QMj^{p) =^ O0p,^{a) < 1, 

that is Up^^ is contained in (V{7t)°)°. By the bipolar theorem Up^^ is 
weakly approximated by the elements of P(vr). □ 

2.4. Bimodule projections. Let i3 C ^ be *-algebras over a field F. 
A mapping p: A B is said to be a bimodule projection if it satisfies 
the following properties: 

(CEl) p{ai + 02) = p{ai) + ^(02) for every ai, 02 G ^, 
(CE2) p{hiab2) = bip{a)b2 for every bi, b2 E B and a G .A, 
(CE3) p{a*) =p{a)*, 
(CE4) p(l^) = Is. 

A bimodule projection is a conditional expectation if it satisfies 
(CE5) ^ (or equivalently pi^A^) = ^ S.) 

We will not need properties (CE4) and (CE5) until subsection 13.31 

Example 2.4. Every hermitian linear functional 0: A — > F satisfies 
(CE1)-(CE3) and is a bimodule projection. If also is positive 
and F-^ = then is a conditional expectation. 

Many more conditional expectations will be given in Sections H] and [51 

Example 2.5. Let g be the Heisenberg Lie algebra, i.e. the real Lie 
algebra with generators a, b, c, relations [a, b] = c, [a, c] = [b, c] = 
and involution a* = —a, b* = —b, c* = —c. Let f) be its subalgebra 
generated by a, c. We claim that there exists no bimodule projection 
from A = U{g) to B =U{t)). Assume to the contrary, that p : A ^ B is 
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a bimodule projection. Then c = p{c) = p{ab — ba) = ap{b) —p{b)a = 0, 
by commutativity of B. A contradiction. 

2.5. Induced ^-representations. Let i3 C ^ be *-algebras over a 
field F and let p : A ^ B he a. bimodule projection. Further, let p 
be a ^-representation of B on an inner-product space V. Let us briefiy 
recall the construction of the induced representation Indp, see jSSj. 
Let A ®B V denote the quotient space of A <^ V hj the linear hull 
of {ab^v -a(S) p{b)v, a e A, b e B, v eV} . Note that A^bV is 
an induced ^-module in the sense of |Hj. Representation p is called 
inducible if the sesquilinear form (-, ^ on A (8>b V defined by 

(^Xi(g)Vi,^yj(g)Wj)o := ^{p{p{y*Xi))vi,Wj), Xi,yj G A, Vi,Wj E V 

i j id 

is positive semi-definite. The kernel Afp of the form (-, ■)q is invariant 
under the action of ^ on ^ (8g V. For a <^ v E A ®0 X denote by 
[a ® t;] E A ®B ^/Afp the image under the quotient mapping. Thus, 
A ®B X/Afp is an inner-product space and there is a well-defined *- 
representation vr = Indp of A on the unitary space A ®e ^/-f^p which 
acts by 

i i 

Example 2.6. Let be a hermitian linear functional from A to F. 
The left regular representation A of F is inducible if and only if (p is 
positive. In this case IndA = n^, i.e. the ^-representation associated 
to (p by the GNS construction. Note also that QMp{X) = and 
QM^{tt^) = {a E Ah I (p{x*ax) > for all x E A} . 

3. Induced quadratic modules 

3.1. Definition. Let i3 C ^ be a *-algebras over a field F. Motivated 
by Example 12.61 we define for every quadratic module JV B 

IndA/" := {a E Ah\ p{x*ax) E N for all x E A} . 

The set IndA/" is called induction of M from B to A via p. We will also 
write Indei-^A/" or Ind^A/" for IndA/". 

Proposition 3.1. Let M C B be a q.m. Then 

(i) the set IndA/" is a quadratic module if and only if 
(2) {p{x*x),x E A} <ZM, 

(ii) if ([2]) is satisfied, then IndA/" is proper if and only if M is proper, 

(iii) if ([2]) is satisfied, then IndA/" is the largest q.m. contained in 
p-\U). 
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Proof, (i): One easily checks that IndA/" is a subset of Ah and (QM1),(QM2) 
are satisfied. Then p{x*x) G A/" for all x G ^ if and only if 1^ G IndA/", 
i.e. (QMS) is satisfied. 

(ii) : Clearly, ii Af = Bh then IndTV = Ah is also not proper. Assume 
now IndA/" = A, that is -1^ G IndA/. Then -1^ = J9(l;4(-l^)l^) G 
M, i.e. A^ is not proper. 

(iii) : Follows from the definition of IndA/". □ 

In the view of Proposition 13 . 1 1 we say that a q.m. A/" C i3 is inducible 
if and only if ([2]) is satisfied. Equivalently, Af is inducible if and only 
if IndA/" is a q.m. 

In general, induction does not respect preorderings: 

Example 3.2. Let A = R[x,y] and M = QM_A{{x,y}). By [Mlj . 
Example 4.1.5 and Theorem 4.1.2, A4 is closed. A short computation 
shows that xy ^ Ai. Then there exists a linear functional ip : A ^ ^ 
such that (p{AA) > and (p{xy) < 0. For p = we have that x,y E 

Ind^R-° and xy ^ Ind^R-''. Therefore Ind^R-° is not a preordering. 

If is archimedean then induction respects closed preorderings. 

In view of subsection 12. 2[ this will follow from Proposition 13.31 

3.2. Relation to induced ^-representations. Let A^ be a closed 
q.m. in a real or complex *-algebra B. By Proposition 12.21 there exists 
a *-representation p of B such that Af = QM^^p). By the proof of 
Proposition 12.21 we may assume that p is a direct sum of cyclic *- 
representations. Proposition 13.31 will imply that IndA/" is also closed. 

Proposition 3.3. If p is a direct sum of cyclic * -representations then 
QMb{p) is inducible if and only if p is inducible. Moreover if QMb{p) 
is inducible, then (5iVf4(Indp) = Ind((5MB(p)). 

Proof. Let V = ©jVj be a decomposition of V into orthogonal sum 
of cyclic components and Vi G Vj be the corresponding cyclic vectors. 
Assume that QMs{p) is inducible, that is {p{a*a) \ a G A} C QMjsip) 
or, equivalently, {p{p{a*a))w,w) > for all a G .A, w G V. We show 
that p is inducible. For let Wi eV and Oj G A. Then Wi = Pi^ij)'^j 
and we get 




(3) 




i,j k,m 



^^{pi.Pib*kX*Xibik))vk,Vk) = ^{p{p{zlZk))vk,Vk) > 0, 



k i,j k 
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where Zk = Yli^i^ik- Thus p is inducible. The inverse statement is 
trivial. 

Take a G Ind(QM5(p)). Then for all x G ^ and w E V holds 
{p{p{x*ax))w,w) > 0. A calculation similar to ([3]) shows that 

aXi Wi, ^ Xi ® Wi)o > 

i i 

for arbitrary G V and Xj G ^. Thus Indp(a) is positive or, equiva- 
lently a G (5M^(Indp). The inverse statement is trivial. □ 

3.3. Restriction. Let i3 C ^ be *-algebras and vr a ^-representation 
of A. The restriction of tt to i3 is defined by Resvr = 7r|g. It is easy to 
see that QMg (Resvr) = QM^(7r) fl B. The most natural extension to 
quadratic modules would be that flS is considered as the restriction 
of a quadratic module M. on A. However, we will not go this way. 

Let p : A B he a. fixed bimodule projection. For a quadratic 
module on ^ we define 

ResA^ := {p{m) \m E M} . 

The set ResA^ is called restriction of M. onto B via p. It can be easily 
checked that ResA^ C i3 is always a q.m. (property (CE4) is used here 
for the first time), it is always inducible and it always contains M.r\B. 

The advantage of this definition of Res Af is that we obtain a Galois 
correspondence between quadratic modules on A and inducible qua- 
dratic modules on B. The following is easy to verify: 

Proposition 3.4. Let p: A ^ B be a bimodule projection. For every 
q.m. Ai (1 A and every inducible q.m. M C B we have that 

Res Al CAfiffMC IndAf. 

Here are some special cases: 

(1) Ind(ResAl) 3 M and Res(IndAr) C M. 

(2) Res Al C Al zif Al C Ind(Al n B). 

(3) M C IndA/" Res QM^ (TV) C A^. 

By (1), Res(Ind(ResAl)) = ResAl and Ind(Res(IndAr)) = IndAT. 
We say that a q.m. Al C ^ is induced if Al = IndA/" for some 
q.m. M ^ B {oT equivalently, if Al = IndResAl). We say that a 
q.m. A/" C S is restricted ii M = ResAl for some q.m. Al C ^ (or 
equivalently, ii N = Res(IndA/')). 

By (2) we have that Res = Al n i3 iff Al C Ind(Al ni3). It follows 
that M = Ind(Al n i3) iff Res Al = Al n i3 and Al = IndResAl. 

By (3) we have that every inducible q.m. M' C B which satisfies 
TV C IndTV is restricted (since QMj^{M) n i3 C ResQM^(TV) C TV C 
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QMy^i^hf) n In many cases (see Propositions 14. II and 15. ip . we also 
have the converse: every restricted q.m. A/" C i5 satisfies M C IndA/". 
We say that an inducible q.m. C i3 is perfect if 



In the situations from Propositions 14.11 and 15. every perfect q.m. M 
is restricted and IndA/" satisfies (Q1)-(Q3) by the discussion above. 

3.4. Induction in stages. Induction in stages is a useful tool in the 
theory of induced representations. The next proposition is a coun- 
terpart of it for quadratic modules. Note that a composition of two 
bimodule projections is always a bimodule projection. 

Proposition 3.5. Let C C B C A be *-algebras, let pi : A ^ B, p2 ■ 

B ^ C be bimodule projections and let K, CC be a q.m. 

IndBt^(IndctB^) = Indct^(/C). 
Proof. Take x G Ah- Using properties (CE1)-(CE4) we get 
X G Indts^jxilndc^sK.) <^=^ pi{a*xa) G Indc^/3/C, Wa ^ A 



Example 3.6. In this example we show that a composition of two 
conditional expectations is in general not a conditional expectation. 
For let A = R[x], B = R[x% C = R[x^] and let pi : A ^ B, p2 : B ^ C 
be bimodule projections defined by (pi(/))(x) = |(/(a;) + /(— x)) and 
{p2{g)){x'^) = + respectively. It easy to verify that 

pi,p2 are conditional expectations. On the other hand (p2 o pi)((x^ — 
x)^) = —2x^ ^ X]-^^) i-^- (p2 ° Pi) is not a conditional expectation. 

4. Averages of actions of finite groups 

Suppose that G is a finite group which acts by ^-automorphisms 
Ug, (7 G G on a *-algebra A, and let B := {a E A \ ag{a) = 
a for all g G G} C ^ be the *-subalgebra of stable elements. Let 
p : A ^ B he the average mapping given by 



It can be easily shown that p is a conditional expectation from A onto 
B, see also jCESl ISS]. 

Proposition 4.1. Let p be defined by 



QMj({J\f) = IncW. 




X G Indct^/C. 



□ 
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(i) If Af C B is an inducible quadratic module then IndAf is a 
G-invariant q.m. such that 

IndA^niS = Res(IndA/') 

(ii) For every q.m. AA C A we have 

ResM C Ind(ResA^). 

Proof, (i): Note that -BnlndA/" = p{l3nlndAf) C p{ln(W) = Res(IndA/'). 
Let a G IndA/". For arbitrary x ^ A we have 

p{x*p{a)x) = -^ '^ag{x*)p{a)ag{x) = ^ ag{x*)ah{a)ag{x) = 
(5) 

= j^5ZX]a/i(afc(a;*)aafe(a;)) = ^p(afc(x*)aafc(a;)) G M, 

' ' keGheG ' ' keG 

that is p{a) G IndAf. It proves Res(IndA^) C B H IndAf. To see, that 
IndjV is invariant, take a G IndA^. Then for every x & A and g & G we 
have p{x*ag{a)x) = p{ag-i{x*)aag-i{x)) G A/", hence ag{a) G IndA/". 
(ii): Let a E Ai. For an arbitrary x E A calculation ([5]) yields 

p{x*p{a)x) = ——'S^p{ak{x*)aak{x)) G ResAI. 
|G| ^ 



fcgG 



□ 



Hence p(a) G Ind(ResA^), which implies the assertion. 

Assertion (i) suggests the following problem: Is every G-invariant 
q.m. Ai (1 A induced? Cf. 16.41 for a very special case of this. In view 
of subsection 13. 3^ assertion (ii) implies that a q.m. J\f C B is contained 
in IndA/" iff it is restricted. 



4.1. Matrix *-algebras. Let B he a *-algebra, a positive integer 
and A = M]\f{B) with involution [bij]* = Let G be semidirect 

{il, 22, • • • , ^n) ^ {iN, «i, • • • , iN-i)- 
T*ATg where, for g = 



product (Z/2Z)^X0Z/A^Z where 0(1) : 
The action of G on ^ is defined by 
{ii, . . .,iN,j), 



T 



_l)n 

















'_]_^«iV-l 
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If we identify B®!^ with B, then the average map p(A) = Sofg 



^geG- 



coincides with the normalized trace tr(A) = 4(aii + . . . + a^N)- Since 
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tt{P*AP) = ^J2kiJ2i,jP*ikaijPjk) for every P = (pij) and A = (a^j) 
from Mn{B), it follows that every q.m. Af in B is inducible and 

WA/" = {Ae MN{B)h I ^ xla^jXj e Af, for all xi, . . . xn e B}. 

Let B = M.[xi, . . . ,Xn] and S = {pi,...,pm} C B. Write Ks = 
{a G M" I pi{a) > 0,...,p^(a) > 0} and Fos{Ks) for the set of 
all polynomials from B which are nonnegative on Ks- Let T5 be the 
preordering in B generated by 5*. Equivalently, T5 is the quadratic 
module in B generated by all square-free products of elements from 5*. 
Let tr: Mj^jiB) — >■ S be the normalized trace. The following is clear: 

Proposition 4.2. With S and B as above, Ind'"^ Pos(fC5) coincides 
with the set of matrix polynomials from Mis[{B)h which are positive 
semi- definite on Ks- 

The following remains unsolved: 

Conjecture 1. With S and A as above, Ind^'Ts = Ts ■ ^M^iBf, i.e. 
Ts is a perfect q.m. 

If Ts is saturated (i.e. if Ts = Pos(-ft'5')) then, by Proposition 14. 2[ 
the conjecture is equivalent to the following: every matrix polynomial 
P G MN{B)h which is positive semi-definite on Ks can he represented 
as P = ^a;iy4*74j, where Ai G Mn{B) and ai G Ts- The latter is 
known to be true in the following cases: 

• B = R[x] and 5 = 0, see [J] or [Dj], 

• B = R[x] and S = {x} or {x, 1 - x}, see [DS] or [SS2l Sec. 7], 

• B = R[x, y] and 5 = {1 - a;^ - y^, x^ + y^ - 1}, see [Ro] . 

4.2. Regular functions. Let V C M" be a real algebraic variety and 
let G be a finite automorphism group of MfV]. Consider also the corre- 
sponding action of G on V- Further, let A = M[V], B = R[V]^ be the 
subalgebra of G-stable elements, and let p : A ^ B he the canonical 
projection. Denote by A+ the set of positive polynomials on V- 

Proposition 4.3. lndP{A+ n B) = A+- 

Proof. The idea of the proof is to induce ^-representations from B to 
A via p. For x ^ ^ and f & A denote by Orbx ^ V the G-orbit 
of X; by [/]^ the corresponding function on Orbx and put [A\y^ = 
I f eA}-lt can be verified, that ([/]x, [^]x) ■= {p{f9)){x) is 
a well-defined scalar product on [A]^- For each f & A introduce a 
linear operator T^(/) on [A]^ via Tj^f)[g]^ = [fg]^, g e A- Again, 



12 



JAKA CIMPRIC, YURII SAVCHUK 



direct computations show that defines ^-representation of A on the 
inner-product space [A]^. Then 



imphes f{x) > 0. Hence p(/-5f^) G A+CiB, Vg G ^imphes / G A+. □ 
The following conjecture remains open: 

Conjecture 2. With A, B and p as above, Ijid^iY^A^ n i3) = Y.^^- 

When 'Y^A^ = Aj^, the conjecture follows from Proposition 14.31 In 
particular, this is true if ^ = M\x, + — 1) ~ M\S^] by the Riesz- 

Fejer Theorem, see |RN| p. 117] or ^ = M[a;, y, z\l[x^ + + 2;^ — 1) ~ 
MfS*^] by a result of Scheiderer, see |Sch2t Th. 3.2]. For the action 
take e.g. G = Z/2Z with (x, ^ {x,—y) and {x,y,z) 1— )■ {x,y,—z) 
respectively. 

Let A = R[x,y, z]/{x^ + _ 1) ~ ^[^i x M^] and let Z/2Z act on 
A by {x,y,z) h- >■ (x, —y,z). It is not known yet whether = 
However, if the conjecture is true, this follows from Marshall's strip 
theorem |M2j . Namely, B = M[x,y'^,z]/{x'^ + — 1) ~ R[x, 2;] and 



A+nB = Pos([-l,l] X Ri) = + (1 - x^)Yl3^ = E^' n i3 

by IM2], hence ^+ = Ind^'(^+ n B) = IndP(E^^ n i3) = by 



Proposition 14.31 and the conjecture. 

Proposition 14.31 can be easily extended to compact groups (just re- 
place sums with integrals over the Haar measure.) On the other hand. 
Example 15.21 will show that Conjecture [2] fails for infinite compact 
groups. (For convenience we will consider a complex *-algebra.) 



Let G be a discrete group and let ^ be a G-graded *-algebra, that 
is ^ = ©gg^vAg, where Ag are linear subspaces such that 

Ag -\- Ag C Ag, Ag C Ag , Ag ' Aji C Agfi, ('^g) — "^(J^^' 

Write B = Aid where id G G is the identity element. Then i3 is a 
*-subalgebra of A. Denote by p the canonical projection of A onto B, 
that is 

(6) p: A-^ B, pC^ ag) = aid. 



where ag & Ag. It is easy to show that p is a conditional expectation 
of A onto B, see e.g. |SS[ Proposition 6]. 

The elements of Ugec -^9 called homogeneous. For every homo- 
geneous a G ^ we have a*Ba C B and p{a*xa) = a*p{x)a for every 



{TAfMx^ Mx) = {[f9]x^ Mx) = Pif ■ >o,\/geA 



5. Group graded *-algebras 
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X E A. Note also that the set ^ fl i3 consists of all finite sums of 
elements a*a with a homogeneous. In particular, a q.m. A/" C i5 is 
inducible if and only if Af contains all a*a with a homogeneous. 

Proposition 5.1. Let p be defined by Ij^. 

(i) If Af B is an inducible quadratic module then 

IndAT r\B = Res(IndAr) 

(ii) For every q.m. Ai C A we have 

ResM C Ind(ResA^). 

Proof (i): Note that SnlndA^ = p{BnlndAf) C p{ln(W) = Res(IndA/'). 
Let b G Res(IndA/') that is 6 = p{a), a G IncLA/". We show that 
p{a) G IndM. For let x G ^, x = J2geG^9^ ^9 ^ -^g- Then 

(7) p{x*bx) = x*gbxg = x*gp{a)Xg = Y V{x*gaxg) 

geG g&G gSG 

and the latter is contained in Af since a G IndA/". 

(ii): Let b G ResA^ that is 6 = p{a), a G A^. We show that b G 
Ind(ResA^). For let a; G x = J^g^G^a^ ^ -^a- Then x*gaXg G 
AA, 'ig E G and calculation ([7]) shows that p{x*bx) G ResA^. □ 

Example 5.2. Let A = C[z,'z] be the *-algebra of complex polyno- 
mials with involution defined hj z ^ z. We define a Z-grading on A 
by putting z G ^i, z G A-i. Then B := Aq = C[t], where t = zz. By 
|SS] Examples 7,13] there is a canonical action of 5^ ^ Z on A, namely 
G S^, (f G [0,27r] defines an automorphism, which maps {z,z) to 
(e"''^, e~"^z). The conditional expectation p : A ^ B defined by the 
Z-grading coincides with the average of the action of S*^ on .4 : 

(8) (p(/))(^,^)= r f{e'^z,e-'^z)d^, 

Jo 

see |SSt Examples 7,13]. Similarly to the Proposition 14.31 it can be 
shown that Indi3+ = A+. On the other hand B+ consists of all polyno- 
mials positive on M+, hence 

B+ = J2 + t'^lt? = 5^ n i3 = Res ^ A''. 

Thus we get Ind(Res ^ A"^) = A+. Assume that ^ A"^ is induced from 
B, that is, ^ = IndAf for a q.m. Af in B. Then Proposition 13. 4^ 
(1) implies that A+ = Ind(Res(IndA/')) C IndAf = Y.A'^ which is a 
contradiction. Hence Yl-^"^ IndA/" for any q.m. Af B. 
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Example 5.3. The following *-algebra is a g-analogue of C[2;, z] : 

A = C{x,x* I XX* = qx*x), 

where q > 0, g 7^ 1 is fixed. Positivity and sums of squares in A were 
studied in |CSS] . 

A has a natural Z-grading such that x E Ai, x* E A-i. Then 
B := ^0 is isomorphic to C[t], where t = x*x. Let be the set of 
polynomials f(t) G B nonnegative on M.^. Then '^A^nB = ^ + 
t ^ = Denote hy p : A ^ B the conditional expectation defined 
by the grading. The set of positive elements A+ defined in [CSSj has the 
following characterization. An element / G Ah is positive if and only 
if p{y*fy) G i3+ for all y E A. Equivalently, A+ = IndS+. Clearly we 
have QM^(E B^ + x*x E -S^) = E By [Csk Theorem 2] we have 
E-^^ 7^ showing that i3+ is not perfect and that Ind(Res E ^'^) 
that is E-^^ is not induced. 

Example 5.4. Let G be a discrete group, A = C[G] be its group 
*-algebra and A+ be the set of elements which are positive in all 
unitary ^-representations. Then A is G-graded and B can be iden- 
tified with C. Clearly, A/" = is the only quadratic module in B and 
QMj^{J\f) = E-^^- The ^-representation TTreg iuduccd from B — C to 
A via p is canonically isomorphic to the left regular representation of 
A. By Proposition 13 .31 we have IndAf = QM^Aij^reg)- Hence N is perfect 
if and only if QM^^^-Kreg) = YjA^. 

A well-known fact in the group theory is that every unitary repre- 
sentation of G is weakly contained in vTreg if and only if G is amenable 
(see e.g. [SI Theorem 3.5.2]). By Proposition 12. 3[ if G is not amenable 
then QMjdjireg) is strictly larger than Aj^ ^ Yli-^i so that N is not 
perfect. 

Let G = Z^. Then A = C[Z^] is isomorphic to the algebra C[T'=] of 
polynomials on the fc-dimensional torus. By the Riesz-Fejer Theorem 
( |RNl p. 117]) and Scheiderer's theory ( |SchH Prop. 6.1] and |Sch2t 
Th. 3.2]) we have ^ = ^+ if and only if A; = 1 or 2. That is, Af is 
perfect if and only if = 1 or 2. 

6. Galois extensions 

Let {K, >) be an ordered field, R its real closure and C = R[2]. Let 
L be a finite extension of K of degree s. We assume that both L and 
K have the trivial involution * = id. Then the normalized trace 
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is a bimodule projection from L onto K. By the Primitive Element 
Theorem, there exists 6 E C such that L = K{9). Let P{x) be the 
minimal polynomial of 9 over K. Then P{x) is irreducible, has degree s 
and L = K[x]/{P{x)). Let 6i, ... ,6s be all zeros of P{x) in C. We may 
assume that 9i, . . . ,9r belong to R and 9r+i, ■ ■ ■ ,0s belong to C \ R. 

Pick any Q{x) G K[x] which is not divisible by P{x) and consider 
the quadratic form (from to K), see |BPRl 4.3.2], 

Hom(P, Q) : (/i, . . . , /,) ^ iXL/Mmfi + /a^ + • • • + /s^^"')')- 

By the first part of |BPR[ Thm. 4.57], this form is non-degenerate 
(i.e. its rank is equal to s.) By the second part of |BPR[ Thm. 4.57], 
the signature of Hom(P, Q) is equal to signQ(6'i) + . . . + signQ{9r). 
Inserting Q = 1, we get that the signature of Hom(P, 1) is equal to r 
(see also |BPRl Thm. 4.58]). We summarize the discussion above in 

Proposition 6.1. The following claims are equivalent: 

(1) the ordering > is inducible (for the bimodule projection txi/K, 
where K and L have identity involutions), 

(2) ttL/K{{fi + f29 + ... + fsO'-y) > for all fu...,fseK, 

(3) the signature o/Hom(P, 1) is equal to s, 

(4) r = s. 

If > is inducible then for a = Q{6) E L the following claims are equiv- 
alent: 

(a) a G Ind(>), 

(b) iXL/Mmfi + f20 + ... + fs0'-'f) > for all A, ...,/, G i^, 

(c) the signature o/Hom(P, Q) is equal to s, 

(d) Q{9i) > 0, . . . , Q{9s) > (recall that r = s), 

(e) a belongs to every ordering of L extending > . 

Recall, that finite extensions of rational numbers Q are called number 
fields. A number field K is called totally real if and only if i^' = Q[6] 
and the minimal polynomial p G Q[t] of ^ has only real roots. 

Corollary 6.2. Let L be a number field. Then Y^Q^ is inducible if 
and only if L is totally real. Moreover, Ind(^Q^) = ^L^. 

For the rest of this section L and K are formally real and L/K 
is a Galois extension with Galois group G. The following proposition 
characterizes the preorderings on L which are induced via ixi/K, thus 
can be viewed as an Imprimitivity Theorem for preorderings on Galois 
extensions. Recall, that Ai is induced if and only if = Ind(ResA^). 

Proposition 6.3. Let A4 O L be a proper preordering. Then M. is 
induced if and only if M. is G -invariant, that is g{J^) C J\A for all 
geG. 
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Proof. If Ai is induced, then by Proposition 14.11 (i) Ai is G-invariant. 

Conversely, let Ai be G- invariant. By Proposition 13.41 it is enough 
to show Ai ^ Ind(ResAI). We first consider the special case when 
Ai = p*^, where p is an ordering of L and p'^ denotes r\g^c9{p)- K is 
easily seen that pnK = p'-^nK = Resp*^, and every ordering g{p) 
extends pH K. By Proposition 16. ![ (e), Ind(p n K) is the intersection 
of all orderings on L containing p fl i^, in particular Ind(p fl K) C p*^. 
Thus we get Ind(Res p^) = lnd(p (iK) C p^. 

Now let Ai be an arbitrary G-invariant preordering. To show that 
Ind(ResA^) C Ai pick an element a G L\Ai. Then Ai can be extended 
to an ordering p of L such that a ^ p D p'-^ = Ind(Resp*^). That is, there 
exists X E L such that ixLjKix^ ■ o) ^ Resp*^. Since Ai is G-invariant we 
have M C p*^, and iXL/K{x^ ■ a) ^ ResA^, that is a ^ Ind(ResA^). □ 

Proposition 6.4. Let Ai d L he a preordering and M = KesAi. 

Then M is perfect, that is IndTV = QMl{M). Moreover, for every 
G -invariant preordering Q O L we have Q = QMl{Q fl K). 

Proof Write V = IndA/". We show that V = QMl^M). Using Propo- 
sitions [231 and |1]T] we have Af = Res(IndA/') = V (1 K. It implies the 
inclusion QMl{M) = QMl(V nK)CV. 

Since VnK is multiplicative, QM^iV H K) is a preordering. Hence, 
we can prove QMl{V fl K) ^Vhy showing, that every ordering on L 
which contains V Ci K contains also V. Assume to the contrary, that 
p is an ordering on L which does not contain V but contains V (1 K 
and let I E V \ p. Then, since V is G-invariant (Proposition 16. 3p . we 
have tXL/K{l ■ E^^) C p n /C C p. That is, I e Ind(p n K) and by 
Proposition 16.11 (e), we have / G p which is a contradiction. 

Let Q be a G-invariant preordering, so that ResQ = Q fl /C. Then 
by Proposition 16.31 we have 

Q = Ind(ResQ) = Ind(Q n K) 

and since ResQ is perfect, the latter equals to QMl{Q H K). □ 

7. Cyclic algebras 

Let be a field and let 21 be a cental simple algebra over K with 
involution *. We define the normalized trace of 21 by 

1 , 1 



n 

where = dim^ 21 and tT<^/K (resp. trd^/x) is the trace (resp. the 
reduced trace) of 21. Note that ttgi/x is a bimodule projection. An 
ordering p of is called a ^-ordering if tra/_ft:(a*a) G p for all a G 21. 
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Let the set of *-orderings be non-empty. An element a = a* is called 
positive if a G Indp for all *-orderings p of K. The set of all positive 
elements in 21 is denoted by 21+ . These notions were first introduced 
in |PS] . Clearly, *-orderings are exactly inducible orderings, and the 
set of positive elements is IndPft-, where Pk is the intersection of all 
*-orderings on K. 

We restrict the study of induced q.m.'s to the case when 21 is a 
cyclic algebra {L/K,a,a) associated to a cyclic Galois extension L/K 
of order n > 1. That is, there exist fixed elements e G 2t, a & and 
a generator cr of Gal(L/i^) ~ Z/n such that 

n-1 



(9) 



21= 1 -Lee-L 



. . . e 



■L, 



a ■ 1 , and 



I ■ e = e ■ cr(/), for / G L. 



We identify L with L ■ 1, and denote by p^/L : 21 — )■ L the canonical 
projection. It follows from the general theory, that 

Recall, that L is a splitting field of 21, that is 21 L ~ Mn{L). The 
action of Z/n on 2t®i^ L is defined by a{x®l) = x<^a{l), x G 21, I E L. 
Clearly, the stable subalgebra of Mn{L) coincides with 21 ®k -ft' — 21. 
Denote by ^ the average mapping from M„(L) to 21. We describe the 
embedding 21 M„(L) and projection ^ : M„(L) — )■ 21 explicitly. For 
every Z G L and e define the matrices 

n n— 1 

(10) t{l) = ^Eii®a'-\l), e(e) =Ei,„®a + ^Ei,i+i® 1, 

i=l i=l 

where Eij G Mn{L) is the matrix having 1 at the (2,j)-place and 
elsewhere. Then 

/ / ... \ 



e(/) 















/O 



e e 




1 



V 



Vo ... 

It is easily seen that e(e)" = a • Id, and e(/) ■ e(e) = e{e)e{a{l)). Hence e 
defines an embedding of 21 into Mn{L), and we can identify e(2t) with 
21. Let ^ : Mn{L) — )■ 21 be the additive mapping defined by 



/ 



rnk 



I) := -t'' 
n 



'a-^^\l), leL, m,k = l, 



n. 
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It can be checked by direct computations, that ^ o e is identity on 21. 
It is also easily checked that pst/L ° ^ : Mn{L) — )■ L coincides with pn 
defined by 

pii(^ Eij (g) kj) = Ell ® ^11- 

Thus we have constructed a chain of embeddings: 

(11) K CLCQIC Mn{L) 
and a tower of i^-linear projections: 

(12) M„(L) %Ql^L^K. 

We equip all algebras with involution so that every mapping in this 
chain becomes a conditional expectation. 

Equations Qj imply that 21 = {L/K,a,a) is a Z/n-graded algebra 
(Bkez^k, where 21^ = 6*^- L. We define an involution on 21 such that 21 
is a Z/n-graded *-algebra, that is 

(13) % = 2l_fc for k G Z/n. 

Cyclic algebras (more generally crossed-product algebras) satisfying 
(fT3|) were studied in [Cj and }SS2j . Then 2lo is invariant under the 
involution. We assume in addition, that involution is identity on 2to — 
L and consequently on C L. In particular, the involution is of the 
first type [Scl Section 8]. Further, we set B = diag (Aq, Ai, . . . , A„_i) , 
where A^ := e*^e^, = 1, . . . , n — 1, Aq = 1 and define an involution r 
on M„(L) via := B-^X^B, X G M„(L). 

Proposition 7.1. Every embedding in / fli]) is a *-homomorphism, and 
every mapping in [W^] is a himodule projection. 

Proof. By |SS2l Proposition 9.4], 21 is a *-subalgebra in (M„(L),r). 
For other inclusions the statement is trivial. By [SS2t Proposition 9.6], 
the mapping *p is a bimodule projection. Further, since pa/^, and ixi/K 
are canonical projections coming from group grading and group action 
respectively, they are bimodule projections. □ 

An ordering p of L is called a *-ordering, if P(h/l{x*x) G p for all 
a; G 21 or, equivalently, if p is inducible to 21. Denote by Pl and Pk the 
intersection of all *-orderings on L and K respectively. 

Proposition 7.2. 

(i) Assume there exist *-orderings on L. Then Pl is invariant un- 
der the action oflj/n. 

(ii) If p is a *-ordering on L, then pCi K is a *-ordering on K. 
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(iii) Let t he a *- ordering on K. Then t is inducible to L and 
Indx^LT is a preordering. Moreover, every ordering p on L 
containing IndKi^LT is a *-ordering. 

(iv) There exist *-orderings on K if and only if there exist *-orderings 
on L. 

Assume that *-orderings exist. Then: 

(v) iXL/K{PL) = PLnK = Pk, 

(vi) IikIk^lPk = Pl, Indi^aPi = IndK^^Px = 21+ . 

Proof, (i): Since 21 is a Z/ra-graded *-algebra, an ordering p of L con- 
tains all p{x*x), X G 21 if and only if e*^e^ G p for all k. In particular, 
Pl is the smallest preordering containing all e*^e^. Hence, it is enough 
to check that a{e*^e^) E Pl for all k. 

It follows from that {e*e)a{l) = e*le for all / e L. Using this with 
/ = e*^e^ we get 

a(e*'=e'=) = e*^^^^'^ e^^\e* e)-^ = e*('=+i)e^+^ ■ e*e ■ ((e^e)"^)' G Pl- 

(ii) : Let p be a *-ordering and x = Yl^Zo^^h ^ 21. Since trsi/E- = 
i^L/K o p2i/L we get 

(n-l \ n-1 

k=0 ) k,rn=0 

which belongs to Pl by (i). Hence tra/i^(x*x) G Pl H K C p fi if. 

(iii) : Let r be a ^-ordering on K. Since X] -^^ ^ 21^ ^''^L/xiYl -^^) = 
p2t/i<'(S -^^) C r, r is inducible to L. By Proposition 16.1( e). IndA'^^r 
is a preordering. Further, we have iXL/KiP'^*^^.^) ^ tr2t/ft'(^ 2t^) C r 
for all = 1, . . . , n — 1 and / G L, that is e*^e'^ G Ind/^^j^r for all 

/c = l,...,n — 1, which implies the last assertion. 

(iv) : Follows from (ii) and (iii). 

(v) : iXL/K^Pb) = Pl^ K follows from cr-invariance of Pl- Calculation 
f lT^ implies the inclusion Pk C Pl. Let r be a ^-ordering on K. Then 
by (iii) Indx'fLT contains Pl. On the other hand Proposition I3.4( ii) 
implies ^^/^(Indi^-i-Lr) C r, hence ttL/KiPL) ^ t. That is ttL/K{PL) is 
contained in all *-orderings on K, i.e. ttL/KiPi) ^ Pk- 

(vi) : First equation follows from (v) and Proposition 16.31 The second 
equation follows then by induction in stages (Proposition 13. 5p . □ 

Proposition 7.3. Pl and Pk are perfect quadratic modules in 21, that 
is 

QM^{Pl) = IndLniPL) = 2t+ = Ind^t2t(^i^) = QM^{Pk). 
Moreover 21+ is a non- commutative preordering. 
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Proof. The first equality follows directly from |SS2l Proposition 9.10]. 
By Proposition 16.41 we have IikIk^lPk = QMl{Pk). Hence 

QM^{Pk) = QM^{QMl{Pk)) = QM^{lndKtL{PK)) = QM^{Pl). 

The fact that 21+ is a non-commutative preordering is the statement 
of IHSa Proposition 9.9]. □ 

8. WEYL ALGEBRA 

In this section we study the *-algebra 

(15) A = C(a, a* I aa* — a*a = 1), 

which is called the Weyl algebra. Using the linear substitutions 

a + a* a — a* 

we get another two presentations for A : 

(16) A = C{X,Y \ YX - XY = 1, X* = X, Y* = -Y) 

(17) = C{p, q\pq-qp = -i, p* = p, q* = q) 
Denote by the number operator 

N = a*a=\{X^-Y'-l) = ]^ {p' + q'-l). 

The standard ^-representation of A used in quantum mechanics is 
the Schrodinger representation vr^ of ( I16p which acts on the Schwarz 
space iS(M) = V^tts) as follows 

i7rsiX)cp){t) = tifit), insiY)if)it) = j^cp{t), 

see |RSt Section VIII. 5] for details, vr^ is unitarily equivalent to the 
Fock-Bargmann representation irp of f|T5l) which is defined as follows. 
The domain V^np) consists of all sequences ip = {ipn)nGno £ ^^(Nq) such 
that k^'^lipkl"^ < oo for all M G Nq; ttf acts on the orthonormal base 
Cn, G No of f{No) as follows 

(18) iTF{a)ek = Vkek-i, TTF{a*)ek = Vk + Ick+i, k G Nq, 

where, e_i = 0. We denote by A+ the quadratic module QMj^^np); 
the elements of A+ are called positive. Since the linear set Vq{ttf) = 
Lin {ck, k G Nq} is dense in Vijip) in the graph topology, we get 

(19) a(^A+ {TTF{a)ip, ^) > 0, G Vq{'Kf). 
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We will consider the following Z-grading of A 
(20) A=^ekB 

k€Z 

where B = <C[N] and 

_ J a^ k>0, 
~ \ (a*)-^ A; < 0. 

Note that for every k E Nck = ek{N — k), so that f{N)ek = 
ekf{N — k) for every f{N) G B and every /c G Z. It implies that 
{ekB){eiB) C Ck+iB and (cfcS)* = e^kB. 

The following fact was first proved in jFS| . 

Lemma 8.1. Xl-^^ H i3 zs i/ie g.m. m B generated by 

{N{N - 1) ■ ■ ■ (A^ - A; + 1) I A; G N} 

Proof. It follows from (120|) that q.m. ^ fl i3 is the smallest q.m. in 
B which contains 

( N{N -1)---{N -k + 1), k>0, 
elck = < 1, k = 0, 

[ {N + l){N + 2)---{N + {~k)), k<0. 

It is easily seen that e^Cfc, A; < is contained in B"^ + N J2 B"^ ■ Hence 
^A"^ (iB is generated by e^e^, A; > 0. □ 

Clearly, 

Pos(No) := {/ G C[N] I f{k) > 0, VA; G Nq} 

is a q.m. in i3 = C[A^]. It follows from (|T8l) that TTF{N)ek = kck, k G 
No, hence /(A^) G i3 is in A+ if and only if f{k) > for all k G Nq. 
Therefore: 

Lemma 8.2. A+nB = Pos(No). 

It follows from either Lemma ISTTl or Lemma lS^ that the q.m. Pos(No) 
is inducible. Moreover, we have the following: 

Proposition 8.3. A+ = IndPos(No) 

Proof. For A; G Nq let pk denote the one- dimensional *-representation 
of B defined by pk{N) = k. Then QM^ipk) = {/ e C[N] \ f{k) > 0}. 
As shown in [SS, Example 1], the *-representation Indgf-_4Pfc is uni- 
tarily equivalent to the Fock-Bargmann representation restricted onto 
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Vo{7!-f)- Using Proposition l3.3l in Appendix we get = QMji^{lndpk) = 
Ind(QMg(pfc)). Using the last equation we get for x G Ah 

X e A+ ^\/y e A\/k g No p{y*xy) g QMeipk) ^ 
^yyeA p{y*xy) G r\kefinQMB{pk) IndPos(No), 
which completes the proof. □ 

Let be the linear functional on A defined by ipo{a*'^a'^) = for 
m + n > and <^o(l) = 1- The following proposition gives another 
useful characterization of A+. 

Proposition 8.4. An element x G Ah belongs to A^ if and only if 
ipo{y*xy) > for all y E A. 

Proof. Let p : A ^ B denote the canonical conditional expectation 
defined by the grading (1201) . Then (fo = Po o p, where po : B ^ 
C is the character on B defined by pQ{f{N)) = /(O). Obviously we 
have Ind^|5lR+ = Aq. Using induction in stages (Proposition I3.5P and 
Proposition 18.31 we get 

{x e Ah\\fy e A My*xy) > 0} = Ind'^«M+ = 

= Ind^(Ind''°M+) = IndWo = A+. 

□ 

The following Proposition was stated in |W], see also |FS] . 

Proposition 8.5. {N -l){N-2)e {A+ f] B) \ A^ n B). 

Proof. Apply Lemmas 18.11 and 18.21 □ 

It follows from Proposition 18.51 that QMj^{A+ fl B) is strictly larger 
than X;^^- In view of this fact, we consider the following problem: 



9. Does the Weyl algebra satisfy (Q3)? 

Our aim now is to show that the answer to this question is negative, 
i.e. A/"' := QMa{A+ nB) = QM^(Pos(No)) is a proper subset of 
Aj^ = IndPos(No). In other words, Pos(No) is not perfect. Motivated 
by the commutative Motzkin polynomial, we consider the elements 

Lk := Y^X'^Y^ + i-Y){X^ - KX^)Y. 

for G R. Our aim is to prove the following. 

Proposition 9.1. L5 + 1.4 belongs to A+ \ A/"'. 
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To prove that L^ + IA belongs to ^4. it suffices in view of Proposition 
to show that L5 + I.4 is positive semi-definite in the Fock-Bargmann 
representation. Since the element l+X^ is invertible in the Schrodinger 
representation, it suffices to observe that 



;i + X2)(L5 + 1.4)(l + X2 



where 



and 
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> 0, 
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X 

x^ 

X^Y 
XY^ 
X^Y + X^Y^ 

We will divide the proof that L5 + 1.4 ^ N'' into several steps. The 
first step is: 

Step 1: If L5 + A G A/"' for some A G M then 
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L5 + A 



Bu + aN"^ + (5N + -i 



where 



u 



[I X Y X"^ XY Y'^ X^Y XY^ ]' 



-B is a positive semi-definite hermitian 8x8 matrix and a, /3, 7 G M are 
such that either a>0ora = /3 = 7 = 0. 

Proof. This is a story of two monomial orderings in the pq representa- 
tion: 

1 -<i p -<i g -<i -<i pq -<i q^ -<i p^ -<i p^q -<i pq^ -<i -<i . . . 

and 

1 -<2 g -<2 p -<2 q^ -<2 pq -<2 p^ <2 q^ -<2 pq^ -<2 p^q -<2 -<2 • • • 

Let Ici and Vi (resp. Ic2 and V2) be the leading coefficient and the 
leading multidegree w.r.t. -<i (resp. -<2). For example, Vi{N) = (0,2), 
V2{N) = (2,0) and lci(iV) = lc2(iV) = i. Similarly, vi{U) = (2,4), 
V2{L5) = (4, 2) and lci(L5) = ^2(^5) = 1. 
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Comment 1. The basic properties of Icj and Vi, i = 1,2, are (1) 
^Ciifg) = Icj jf) Icjj g) and Vi{fg) = Vi{f ) + Vi{g) for all f,g e A. 
(2) lc,(/*) = lc,(/) and v^if*) = v,{f) for all f e A. (3) For every 
f,g & A such that Vi{f) > Vi{g) we have that lcj(/ + g) = lc(/) and 
Viif + g) = Vi{f). (4) For every f,g e A such that Vi{f) = Vi{g) and 
lci(/) ^ - lci{g) we have that \Ci{f + g) = \ci{f) + \ci{g) and Vi{f + g) = 
It follows that for every f E A with lci(/) > 0, i = 1,2, and 
every nonzero G ^ we also have \c{g*fg) — lci(/)| lci(g')p > for 
i = 1,2. 

If L5 + A belongs to M' , then there exist nonzero elements fi, . . . , fk € 
Pos(No) and nonzero elements gij G A such that L5 + A = gijfigij- 
Note that lci(/j) = lc2(/i) > for all i = l,...,k. It follows that 
Kigtjfigij) = lct(/i)|lci(c/ij)|2 > for t = 1,2 and all Therefore, 
Vt{^i,j9ijfi9ij) = T^^^,jVt{9ijfi9ij) for t ^ 1,2 and all In par- 
ticular, Vt{fi) + 2vt{gij) < Vt{L^). Now, we have to consider several 
cases: 

• If degjv/i = 0, then Vi{f) = V2{f) = (0,0). If follows that 
Vi{gij) < (1, 2) and V2{gij) < (2, 1). Therefore gij is in the span 

of {'i-,P,q,p'^,pq,q'^,pq'^,p'^q}- 

• If dcgjv /. = 1, then viif,) = (0, 2) and V2{fi) = (2, 0). If follows 
that vi{gij) < (1,1) and V2{gij) < (1, 1)- Therefore gij is in the 
span of {l,p, q,pq}- 

• If deg^ /, = 2, then v,{f,) = (0, 4) and V2{f^) = (4, 0). If follows 
that Vi{gij) < (1, 0) and V2{gij) < (0, 1). Therefore gij is in the 
span of {1}. 

• If deg^ fi > 3, then we have no gij, so this case is not possible. 

Note that every fi e Pos(No) with degjv /i = 1 is of the form fi = ai + 
TiN where Tj > and cXi > 0. Finally combining the cases degjy fi = 
and degjY fi — 1 we get the term {u*)'^Bu and the case deg^^ fi — 2 
gives the term aN^ + + j with a > 0. □ 

Step 2: If L5 + A e A^' for some A e R then 

L5 + A = {v*fCv 

where 

v^[l X Y XY X'^Y XY"^^ , 
and C is a positive semi-definite hermitian 6x6 matrix. 

Proof. By Step 1, we can write L^ + \ = (u*)'^ Bu + aN^ + /3N +j where 
u ^ [1 X Y X'^ XY Y^ X'^Y ]^ and either a > or 

q; = ^ = 7 = 0. Expanding both sides and comparing coefficients. 
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we get several equations. The most interesting are 644 + f = and 
bm + j — 0. Since B is positive semi-definite and a > 0, it follows that 
a = — — 0. Therefore the 4th and the 6th row and column of 
B are zero and by assumption, also (3 — j — 0. □ 

Step 3: If L5 + A e Af' for some A e R then A > |. 

Proof. Expanding the right hand side of the equation from Step 2 and 
comparing the coefficients, we get 16 equations. Let us write down six 



of them: 

(1) A - Cii + C32 + C41 - 2C62 = 0, 

(Y'^) C33 + C36 - 2C63 - 2C66 = "2, 

(XY) - Ci4 - C23 + C32 + 2C35 + C41 + 2C44 + 2C53 - 4c62 - 6Cq5 = -10, 

(X^) 3C52 - C22 = 0, 

(X^Y^) C66 = 1, 

(X^Y^) C55 = 1. 



Multiplying the equations byl,— |,— ^ and — | respectively and 
adding them, we get 

A - A = -, 

2' 

where A = Cn - |ci4 + |C22 - |C23 - |C32 + §033 + §035 + |C36 - |C41 + 

|c44 - |c52 + |c53 + §055 + |c62 - Bcgs - |c65 + fcee- We can write 

A = tx{AC^), 

where 
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The matrix A is not hcrmitian but since A G M and C is hermitian, 
we have by the basic properties of trace that 

A = tt(i(A^ + i)C). 
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To finish the proof, note that ^{A^ + A) and C are both hermitian and 
positive semi-definite, hence A > 0. □ 



We have the following identity 



-^5 + 7^ = hlhi + h*2h2, 



where 



and 




h,^^{3X + Y)^^{2a + a*) 
' + Y + 2X'^Y + 2XY^) = -^{a^ 




10. Appendix : Rigged bimodules 



In this section we briefly discuss a generalization of conditional ex- 
pectations and of the induction of *-representations and quadratic mod- 
ules. 

Let R and C be as in Preliminaries and let A and B be unital 
*-algebras over K where K = R or C. Let X be a K- vector space 
equipped with a structure of a left-^-right-B-bimodule, such that l^x — 
xIb — X, yx & X. Suppose there exists a map (•, •)b : 3£ x 3£ — >■ B which 
satisfies the following conditions for x,y e X, b E B, and a E A: 



(RMl) {x,yyB={y,x)s, 
(RM2) {xb,y)i3 = {x,y)Bb, 
(RMS) {ax,x)is = {x,a*x)ts, 

then X is called a right B-rigged left A-module. Note, that (RMl) and 
(RM2) imply that {x,yb)B = b*{x,y)B, for x,y e X, b e B. 
For a q.m. M. C A, define 



For a q.m. J\f C B define 

Ind^jV := {ae Ah \ {ax, x)b^M for all x e X}. 

The set ResA^ = Res^A^ is called restriction of Ai onto B via X. The 
set Indj'V^ = Ind^jV is called induction of Af from B to A via X. The 
proof of the following proposition goes by direct computations. 
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Proposition 10.1. Let M C i3, M. CI A he quadratic modules. Then 
ResA^ is a q.m. if and only if 

m 

(21) Ig = ^(2;i,a;j)B, for some Xi e X. 

i=l 

The set IncLA/" is a q.m. if and only if 

(22) {{x,x)i3, xeX} CAf. 

Moreover, if [2^ is satisfied, then IndA/" is proper if and only if 

{{x,x)b, X G X} 2 supp7V = 7Vn (-7V). 

We say that a q.m. A/" C i5 is inducible via X if f l22|) is satisfied. 
Analogues of Proposition 13.41 can be also proved in this context. 

Example 10.2. Let i3 C ^ be *-algebras s.t. 1^ = Ig and let 
p : A B he a. bimodule projection. Then X = A has a structure of 
an ^-i3-bimodule defined by left and right multiplication respectively. 
For x^y & A put {x,y)B '■= p{y*x). It is easily verified, that X be- 
comes a right i3-rigged left ^-module. The functors Res^ and Ind^ 
coincide with Res^ and Ind^ respectively. The notion of inducibility 
via X coincides with inducibility via p. 

Example 10.3. Let ^ be a *-algebra over C and let tt be a *-repre- 
sentation of A on an inner-product space V. Then V together with 
C-valued inner-product (■, ■) becomes a right C-rigged left ^-module, 
where a ■ v = 7r(a)f and v ■ X = Xv, for a G .4, v E V, A G C. By 
definition of Ind^ we have 

Ind^M+ = QM^{tt). 

Example 10.4. Let G be a discrete group and A = (Bg^G-^g be a G- 
graded *-algebra. Every subspace Ag ^ A has a natural structure of a 
right ;B-rigged left ^B-module where {x,y)i3 := y*x, x,y E Ag, see also 
|FD] . Denote by the set of proper q.m. Af C B inducible via p such 
that Ind^Af is again proper. For Af G B^ we say that W is defined if 
Ind^^A" is a proper q.m. in B. If ^Af is defined we put W = Ind^'Af. 
It can be easily checked that W G Let Af e B^ , then 

IndA^ nB = Res(IndAr) = p| ^AT, 

where the intersection is taken over all 5^ G G such that W is defined, 
cf. Proposition 15. H (i). 
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Example 10.5. We illustrate the "action" defined in Example I10.4l on 
the Weyl algebra. We retain the notation from Section [HI 

Let A G No and G Z. We claim that ^{M\) is defined and equal to 
Afx-k if and only if X > k. Namely, ^Af^) = {f{N) G Bf, \ ele^fiN - 
k) G Mx] = {f{N) G Bh I (e^efc)7v=A/(A - A;) > 0}. The claim now 
follows from the fact that (e^efc)Ar=A > if < A and {elek)N=\ = if 
k> X. 

Write Afoo for the set of all polynomials in Bh = ^[N] which have 
nonnegative leading coefficient (i.e. they have strictly positive leading 
coefficient or they are identically zero). Clearly Af^o is a quadratic 
module which contains all e^Cfc, A; G Z, hence A/'oo is inducible. For 
every G Z, we have that 

\Afoo)=Afoo- 

It follows that 

Res(Ind(A4o)) = n '(A4o) = Afoo. 
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